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We investigate the electric transport in the pseudogap state of High-Tc cuprates. Starting from
the repulsive Hubbard model, we perform the microscopic calculation to describe the pseudogap
phenomena which are induced by the superconducting fluctuations. The single particle Green
function, spin susceptibility and superconducting fluctuations are self-consistently determined
by the SC-FLEX+T-matrix approximation. The longitudinal and transverse conductivities are
calculated by using the E´liashberg and Kohno-Yamada formalism. The effects of the spin fluc-
tuations and superconducting fluctuations are estimated, respectively. The vertex corrections
arising from the two fluctuations are also calculated. The complicated relations between the
various effects are discussed in details. The additional contribution from the Aslamazov-Larkin
term is also estimated beyond the E´liashberg formalism. It is shown that the main effect of
the superconducting fluctuations is the feedback effect through the spin fluctuations. Therefore,
the correct results are obtained by considering the superconducting fluctuations and the spin
fluctuations simultaneously. As a result, the temperature and doping dependences of the resis-
tivity and the Hall coefficient are explained. We point out that the characteristic momentum
dependence of the systems plays an essential role in this explanation.
KEYWORDS: High-Tc cuprates; pseudogap; superconducting fluctuation; spin fluctuation; vertex correction;
resistivity; Hall coefficient;
§1. Introduction
The main issue of this work is the pseudogap phenom-
ena in High-Tc cuprates which have attracted interests
for many years.
First, the pseudogap was found in the magnetic ex-
citation channel by the nuclear magnetic resonance
(NMR) experiment.1) At present, the pseudogap phe-
nomena have been observed in various quantities
which include NMR,1, 2) neutron scattering,3) trans-
port,4, 5, 6, 7, 8, 11, 10, 12, 14, 13, 9, 15) optical spectrum,16) elec-
tronic specific heat,17) density of states18) and the single
particle spectral weight.19) The experimental results are
reviewed in ref. 20.
In our theory, the strong superconducting (SC)
fluctuations are the origin of the pseudogap. In
other words, our theory belongs to the pair-
ing fluctuation mechanism which has a broader
sense.22, 21, 28, 23, 25, 31, 26, 32, 33, 34, 35, 38, 27, 40, 37,39, 36,29, 30, 24)
The conventional weak coupling theory has concluded
that the fluctuations are usually negligible in the super-
conducting phase transition. Moreover, the effects on
the single particle properties are less divergent compared
with those on the two-body correlation function,41, 42)
and usually neglected. However, the strong fluctuations
naturally appear and sufficiently affect on the single par-
ticle properties when the strong coupling superconduc-
tivity occurs in the quasi-two dimensional systems.32)
Here, the coupling of the superconductivity is expressed
by a parameter TMFc /εF, where T
MF
c is the critical tem-
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perature in the mean field theory and εF is the effective
Fermi energy. The strong coupling superconductivity ap-
pears for a relatively large value of TMFc /εF. Since the
high critical temperature and the strong electron cor-
relation which reduces εF are the characteristics of the
High-Tc compounds, it is natural to consider a strong
coupling superconductivity in these systems. Indeed,
the experimental results show the remarkably short co-
herence length ξ0 which is proportional to (T
MF
c /εF)
−1
in the clean limit. The short coherence length and the
quasi-two dimensionality are the sufficient conditions of
our theory.32)
We wish to mention that our theory is different from
that of Nozie`res and Schmitt-Rink (NSR) theory.43, 44)
The NSR theory is one of the strong coupling theory
describing the crossover from the BCS superconductiv-
ity to the Bose Einstein condensation. There are many
works describing the pseudogap state as the crossover re-
gion.21, 23, 28, 29, 30, 24) However, it has been asserted that
the NSR theory is justified only in the low density limit
and not in High-Tc cuprates which are high density sys-
tems.32) Moreover, the theory based on the NSR theory
becomes harder in the strongly correlated systems. In
this case, the superconductivity arises from the coherent
quasi-particles near the Fermi surface. This situation
will be incompatible with the NSR theory in which the
chemical potential shifts lower than the bottom of the
band.
The realistic scenario is the resonance scattering sce-
nario28) in which the self-energy correction gives rise to
the pseudogap in the single particle properties. The
much easier condition is needed for this scenario in the
1
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realistic situation.32) In addition to the mechanism of
the pseudogap, we have obtained the comprehensive un-
derstanding of the magnetic field effects34) and the su-
perconducting transition35) by using the T-matrix and
self-consistent T-matrix approximations.
Moreover, we have succeeded in deriving the pseudo-
gap phenomena by starting from the repulsive Hubbard
model.36) The pseudogap in the single particle excita-
tion18, 19) and the magnetic properties measured by the
NMR1, 2) and neutron scattering3) have been explained
in details. This microscopic theory has well reproduced
the doping dependence of the pseudogap including the
electron-doped case. It is probably a strong evidence
that the pseudogap phenomena are microscopically de-
rived under the reasonable condition, such as the rea-
sonable critical temperature Tc ∼ 100K and so on. The
formalism is adopted in this paper, and explained in §2.1.
In this stage, one of the important and unsolved is-
sues is the transport phenomena in the pseudogap region
which we study in this paper. The electric transport
shows its peculiar properties in the pseudogap state. Al-
though the many of the measured quantities (especially
the magnetic properties) are remarkably affected by the
pseudogap, the resistivity shows only a slight downward
deviation from the T -linear dependence.7, 8, 10, 9) On the
other hand, the Hall coefficient makes more distinct re-
sponse to the pseudogap. That is, the Hall coefficient
shows a broad peak and decreases when the tempera-
ture approaches Tc.
7, 12, 11, 9, 13, 15) The origin of the char-
acteristic responses has been a challenging problem for
the theory of the pseudogap. In this paper, we show
that our theory naturally explains the response of the
transport coefficients to the pseudogap.
So far, the transport phenomena above the pseudo-
gap temperature have been explained from the nearly
anti-ferromagnetic Fermi liquid theory.45, 46, 47, 48, 49) The
T -linear resistivity and the enhancement of the Hall co-
efficient have been explained. The essence of the above
theory is explained in §3. However, the transport phe-
nomena in the pseudogap region have not been stud-
ied extensively. In this paper, we adopt the description
based on the nearly anti-ferromagnetic Fermi liquid, and
investigate the effects of the SC fluctuations.
The electric transport has been a central issue of the
theories of the SC fluctuations.41, 42, 52, 50, 51, 53, 55, 54, 56)
However, these theories mostly discuss the s-wave case
within the weak coupling theory, and therefore the cal-
culations can be applied only in the narrow region near
the critical point (or under the magnetic field54, 55, 56)).
The pseudogap phenomena induced by the SC fluctua-
tions have been left out of view. Therefore, these the-
ories are not satisfactory for describing the pseudogap
state. Although some authors have investigated the ef-
fects through the single particle self-energy,57) the quali-
tatively inconsistent results are obtained, as is explained
later. Thus, it is an important issue to investigate the ef-
fects of the SC fluctuations on the quasi-particle’s trans-
port, systematically. In particular, we have to estimate
the effects of the anti-ferromagnetic (AF) spin fluctua-
tions and SC fluctuations simultaneously.
In this paper, we apply the formalism used in Ref. 36
and calculate the transport coefficients in the pseudo-
gap state. Because both spin- and SC fluctuations play
important roles, there exist many cooperative and com-
petitive effects in a complicated way. We explain these
effects respectively, and clarify the main effect of the SC
fluctuations.
First, the calculation within the lowest order with re-
spect to 1/τc is carried out, where τc is the lifetime of
quasi-particles around k = (pi/2, pi/2). We estimate
the longitudinal and transverse conductivities by us-
ing the E´liashberg and Kohno-Yamada formalism which
is explained in §2.2. Because the lifetime τc is suffi-
ciently large, the E´liashberg and Kohno-Yamada formal-
ism based on the Fermi liquid theory is justified in the
pseudogap state. Actually, it is shown that the transport
phenomena in the pseudogap state are well explained
within the above treatment, by considering the spin fluc-
tuations and the SC fluctuations simultaneously.
The other contribution carried by the fluctuating
Cooper pairs (that is the Aslamazov-Larkin term) is also
estimated and shown to be negligible in the main region
of the pseudogap state. The Aslamazov-Larkin term is
higher order with respect to 1/τc, however more singular
with respect to the mass term of the superconductivity.
Therefore, this contribution becomes important near Tc.
However, the region is narrow.
Thus, it is shown that our theory is consistent with the
experimental results and with the previous theories. As a
result, the comprehensive understanding of the transport
phenomena is obtained in a consistent way.
§2. Theoretical Framework
2.1 Superconducting fluctuations and pseudogap phe-
nomena
First, we explain the theoretical framework to describe
the SC fluctuations and the pseudogap phenomena. The
formalism used in this paper is the same as that in Ref.
36. We show a brief outline in this subsection. Hereafter,
we use the unit h¯ = c = kB = 1.
We use the Hubbard model,
H =
∑
k,s
εkc
†
k,s
ck,s + U
∑
k,k′,q
c
†
q−k′,↓
c
†
k′,↑
ck,↑cq−k,↓,
(2.1)
where the two-dimensional dispersion relation εk is given
by the tight-binding model including the nearest- and
next-nearest-neighbor hopping t, t′, respectively,
εk = −2t(cos kx + cos ky) + 4t
′ cos kx cos ky − µ.
(2.2)
The parameter 2t = 1, t′ = 0.25t and the lattice constant
a = 1 are fixed. These parameters reproduce the typi-
cal Fermi surface of High-Tc cuprates. The hole-doping
concentration is defined as δ = 1− n.
For the calculation of the SC fluctuations, we have to
derive the attractive interaction in the d-wave channel.
In this paper, we start from the FLEX approximation58)
in order to describe the electronic state and the pairing
interaction arising from the many body effects. This
Theory of Electric Transport in the Pseudogap State of High-Tc Cuprates 3
approximation is a conserving approximation,59) and has
been used to describe the systems with strong AF spin
fluctuations.67, 60, 61, 62, 63, 64, 65, 66) In this approximation,
the pairing interaction is mainly mediated by the AF
spin fluctuations.68, 69)
The momentum dependence of the quasi-particle’s life-
time arising from the spin fluctuations is an important
property for the transport phenomena, as is explained
in the following sections. The quasi-particles at the Hot
spot (near (pi, 0)) are strongly scattered and those at the
Cold spot (near (pi/2, pi/2)) are only weakly scattered.
This momentum dependence is well reproduced by the
FLEX approximation. The FLEX approximation also re-
produces the d-wave superconductivity with an appropri-
ate critical temperature (Tc ∼ 100K).
60, 61, 62, 63, 64, 65, 66)
This is important because Tc is an important parameter
determining the strength of the SC fluctuations.32, 36)
The self-energy in the FLEX approximation is ex-
pressed as
ΣF(k, iωn) = T
∑
q,iΩn
Vn(q, iΩn)G(k − q, iωn − iΩn).
(2.3)
Here, Vn(q, iΩn) is the normal vertex,
Vn(q, iΩn) = U
2[
3
2
χs(q, iΩn) +
1
2
χc(q, iΩn)− χ0(q, iΩn)],
(2.4)
where χs(q, iΩn) and χc(q, iΩn) are the spin and charge
susceptibility, respectively.
χs(q, iΩn) =
χ0(q, iΩn)
1− Uχ0(q, iΩn)
,
χc(q, iΩn) =
χ0(q, iΩn)
1 + Uχ0(q, iΩn)
. (2.5)
In the above expression, χ0(q, iΩn) is the irreducible sus-
ceptibility,
χ0(q, iΩn) = −T
∑
k,iωn
G(k, iωn)G(k + q, iωn + iΩn),
(2.6)
whereG(k, iωn) is the dressed Green functionG(k, iωn) =
(iωn− εk−ΣF(k, iωn))
−1, and they are determined self-
consistently. We self-consistently solve eqs. (2.3)-(2.6)
by the numerical calculation.
In the main part of the following calculation, we di-
vide the first Brillouin zone into 128× 128 lattice points
for the numerical calculation, while we have used the
64 × 64 lattice points in the previous paper.36) We find
that the 128 × 128 lattice points are necessary to sup-
press the finite size effect in calculating the transport
coefficients. On the contrary, 64 × 64 lattice points are
sufficient for the electric state and the magnetic proper-
ties. The main reason of the difference is that the electric
transport is mainly determined by the quasi-particles at
the Cold spot. We also checked the accuracy by compar-
ing the results with those of 256× 256 points. The error
is smaller than 4% for the Hall coefficient, and is much
smaller for the other quantities. It is confirmed that the
temperature dependence is not affected by the finite size
effect.
The criterion for the superconducting long range order
is given by the condition that the Dyson-Gor’kov equa-
tion has a non-trivial solution. The critical temperature
Tc is determined from the E´liashberg equation which is
the following eigenvalue equation,
λφ(k, iωn) = −T
∑
p,iωm
Va(k − p, iωn − iωm)
× |G(p, iωm)|
2φ(p, iωm). (2.7)
The maximum eigenvalue λmax becomes the unity at the
critical temperature. The corresponding eigenfunction
φmax(p, iωm) is the wave function of the Cooper pairs.
Here, the anomalous vertex Va(q, iΩn) is expressed as
Va(q, iΩn) = U
2[
3
2
χs(q, iΩn)−
1
2
χc(q, iΩn)] + U.
(2.8)
In this paper, the symmetry of the superconduc-
tivity is always the dx2−y2-wave. The important
properties of the nearly anti-ferromagnetic Fermi liq-
uid68, 69, 67, 46, 47, 49, 48, 45) are well reproduced in the
FLEX approximation.
= VaT
TVa+
(a)
T
(b)
Fig. 1. The diagrammatic descriptions of (a) the T-matrix and
(b) the self-energy arising from the SC fluctuations.
In order to study the pseudogap phenomena induced
by the SC fluctuations, we extend the FLEX approxi-
mation. The SC fluctuations are generally represented
by the T-matrix which is the propagator of the SC fluc-
tuations. The T-matrix T (k, iωn : k, iωm : q, iΩn) is
expressed by the ladder diagrams in the particle-particle
channel (Fig. 1 (a)), and it is approximately estimated
as,36)
T (k, iωn : k, iωm : q, iΩn)
=
gλ(q, iΩn)φ(k, iωn)φ
∗(k, iωm)
1− λ(q, iΩn)
, (2.9)
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λ(q, iΩn) = −T
∑
k,iωn
∑
p,iωm
φ∗(k, iωn)Va(k − p, iωn − iωm)
× G (p, iωm)G(q − p, iΩn − iωm)φ(p, iωm), (2.10)
by extending the E´liashberg equation.
Here, φ(p, iωm) is the eigenfunction of the E´liashberg
equation eq. (2.7) with its maximum eigenvalue λmax.
This function corresponds to the wave function of the
fluctuating Cooper pairs. The obtained momentum de-
pendence of the wave function will be shown in Fig. 8.
The wave function is normalized as∑
k,iωn
|φ(k, iωn)|
2 = 1, (2.11)
and the constant factor g is obtained as
g =
∑
k,iωn
∑
k,iωm
φ∗ (k, iωn)Va(k − k, iωn − iωm)
× φ(k, iωm). (2.12)
In the above expression, the function 1−λ(q, 0) shows
the dispersion relation of the Cooper pairs with a finite
momentum q of the center of mass. We define the func-
tion t(q, iΩn) = gλ(q, iΩn)/(1 − λ(q, iΩn)) which cor-
responds to the T-matrix used in Ref. 32. The mass
term t0 = 1 − λ(, 0) expresses the distance to the crit-
ical point. The small t0 means that the system is near
the superconducting instability. The above procedure is
justified when the fluctuations are strong, that is, the
parameter t0 is small.
The self-energy arising from the SC fluctuations is
given as,
ΣS(k, iωn) = T
∑
q,iΩn
T (k, iωn : k, iωn : q, iΩn)
×G(q − k, iΩn − iωn), (2.13)
in the one-loop approximation (Fig. 1(b)). The total
self-energy is obtained by the summation, Σ(k, iωn) =
ΣF(k, iωn) + ΣS(k, iωn). The pseudogap phenomena re-
sult from the self-energy correction ΣS(k, iωn).
36) Be-
cause of the momentum dependence of the wave function
φ(k, iωn), the pseudogap has the similar d-wave form to
the superconducting gap. In other words, the effects of
the SC fluctuations are strong around k = (pi, 0) and
weak around k = (pi/2, pi/2) on the Fermi surface. This
is an important character of the pseudogap observed by
ARPES.19) Therefore, the direct effects of the pseudogap
on the transport phenomena are weak, since the electric
transport is mainly carried by the quasi-particles at the
Cold spot. This momentum dependence plays an essen-
tial role in the transport phenomena in the pseudogap
state.
In the previous paper,36) we have carried out both the
lowest order calculation (FLEX+T-matrix approxima-
tion) and the self-consistent calculation (SC-FLEX+T-
matrix approximation). In the FLEX+T-matrix approx-
imation, the functions obtained by the FLEX approxi-
mation are used in calculating eqs. (2.9)-(2.13). In the
SC-FLEX+T-matrix (SCFT) approximation, eqs. (2.3)-
(2.13) are solved self-consistently. The pseudogap phe-
nomena are essentially obtained by the lowest order cal-
culation. However, we will show shortly that the feed-
back effect, which is not included in the FLEX+T-matrix
approximation, is the main effect on the transport phe-
nomena. (This is the special character of the transport
phenomena which are only indirectly affected by the
pseudogap.) Therefore, we perform the SC-FLEX+T-
matrix approximation in this paper. Although the effects
of the SC fluctuations are weaker than those obtained by
the FLEX+T-matrix approximation, the SCFT approx-
imation gives the qualitatively same effects on the single
particle and magnetic properties. The characteristic re-
sults are shown in Fig. 2. The density of state (DOS)
shows the gap-like structure (Fig. 2(a)). In addition to
the results shown in the previous paper36) (U = 2.4),
we show the results at U = 2.0 which is the parame-
ter used in this paper. The pseudogap is more distinct
in the under-doped and/or the strong interaction cases
(Fig. 2(a) and the Fig. 19 in Ref. 36). These properties
are consistent with the experimental results.18) The mag-
netic properties are also affected by the SC fluctuations
(Fig. 2(b)), although the peak of 1/T1T is too close to
the critical temperature (Tc = 0.0033 at U = 1.6). This
is probably because the FLEX approximation overesti-
mates the anti-ferromagnetic correlation and because the
self-consistent calculation generally reduces the effects of
the SC fluctuations.32) However, the SC fluctuations re-
duces the 1/T1T from much higher temperature than the
mean field critical temperature TMFc = 0.0078. Since the
position of the peak is determined by the competition
between the spin and SC fluctuations, it is natural that
the position is different between the different approxima-
tions. Anyway, it is a general result of a theory of fluctu-
ations that the effects of the fluctuations begin to appear
above the mean field critical temperature T > TMFc .
2.2 General theory for the electric transport
In this subsection, we review the general theory of the
electric transport on the basis of the Fermi liquid theory.
In the Kubo formula, the electric conductivity is given
by using the current-current correlation function.
σµν = e
2limω=0
ImKRµν(ω)
ω
, (2.14)
Kµν(ωn) =
∫ β
0
dτ < TτJµ(τ)Jν (0) > e
iωnτ . (2.15)
Here, ωn = 2pinT is the bosonic Matsubara fre-
quency, T is the temperature (β = 1/T ), e is the
unit of charge (e > 0). The current operator Jµ
is defined as Jµ =
∑
k,σ vµ(k)c
†
k,σ
ck,σ and Jµ(τ) =
eHτJµe
−Hτ where vµ(k) = ∂εk/∂kµ is the band veloc-
ity. The correlation function Kµν(ωn) can be rewrit-
ten as Kµν(ωn) =
∑
k,σ
∑
k′,σ′ vµ(k)vν(k
′)
∫ β
0
dτ <
Tτc
†
k,σ
(τ)ck,σ(τ)c
†
k′,σ′
ck′,σ′ > e
iωnτ . The retarded func-
tion KR(ω) is obtained from K(ωn) by the analytical
continuation iωn → ω + iδ.
Generally speaking, the expression of KR(ω) is much
complicated in the process of the analytic continuation.
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(a)
0.000 0.004 0.008 0.012
T
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T 1
T
SCFT (U=1.6)
FLEX (U=1.6)
SCFT (U=2.0)
(b)
Fig. 2. (a) The density of state obtained by the SCFT approx-
imation. The solid and long-dashed lines correspond to the re-
sults U = 2.4 and U = 2.0, respectively. The dash-dotted line
show the results at U = 2.0 by neglecting the self-energy arising
from the SC fluctuations ΣS. (b) The NMR 1/T1T obtained by
the SCFT approximation (thick solid line) and FLEX approxi-
mation (long-dashed line) at U = 1.6. The results at U = 2.0
are shown by the thin solid line.
However, E´liashberg gave compact formula for the longi-
tudinal conductivity σxx by taking account of the most
divergent terms with respect to the quasi-particle’s life-
time τ(k) = 1/γ(k) (γ(k) = −ImΣR(k, 0)). This pro-
cedure is based on the Fermi liquid theory and correct
in the coherent limit vµ(k)τ(k)|max ≫ 1 which is jus-
tified in the low temperature region. The exceptional
case is the system with a collective mode. For example,
the Aslamazov-Larkin (AL) term is higher order with re-
spect to 1/vµ(k)τ(k), but divergent in the vicinity of the
superconducting critical point.41) We calculate this term
in §5 and conclude that its contribution is not so impor-
tant in our case. That is, the electric transport in the
main part of the pseudogap region is explained within
the E´liashberg formalism.
The E´liashberg formula is given by using the Green
function,
σxx = e
2
∑
k
∫
dε
pi
(−f ′(ε))|GR(k, ε)|2v˜x(k, ε)Jx(k, ε),
(2.16)
where the function f ′(ε) is the first derivative of the
Fermi distribution function and v˜x(k, ε) = vx(k) +
∂ReΣ(k, ε)/∂kx is the velocity including the k-mass
renormalization. This renormalization corresponds to a
part of the vertex correction. The total current vertex
Jx(k, ε) is obtained by solving the Bethe-Salpeter equa-
tion,
Jx(k, ε) = v˜x(k, ε) +
∑
k′
∫
dε
′
4pii
ℑ22(k, ε : k
′, ε
′
)
× |GR(k′, ε
′
)|2Jx(k
′, ε
′
). (2.17)
The function ℑ22(k, ε : k
′, ε
′
) is obtained by the analytic
continuation of the irreducible four point vertex function.
The explicit form is given in eq. (12) in Ref. 70. The
renormalization of the total current vertex Jx(k, ε) (eq.
(2.17)) is generally the main contribution of the vertex
correction. Thus, in the following we use ‘vertex cor-
rection’ as the renormalization arising from the vertex
function ℑ22(k, ε : k
′, ε
′
).
The vertex correction is necessary to satisfy the Ward
identity which corresponds to the momentum conserva-
tion law. For example, it can not be shown that the
conductivity is infinite without Umklapp processes, un-
less the vertex correction is taken into account.71, 72, 73)
Generally, the conductivity is finite in the lattice sys-
tem with Umklapp processes. Then, the effects of the
vertex correction are usually taken into account by only
multiplying a constant factor, and have no important
role, qualitatively.71) This argument is based on the as-
sumption that the temperature dependence of the four
point vertex is negligible, which is usually justified. How-
ever, the vertex correction sometimes plays an important
role when a collective mode induces a temperature de-
pendence of the vertex.48, 49) This is the case which we
consider in this paper. Indeed, we will show that the
vertex correction is important for the transverse (Hall)
conductivity σxy, while it is not so important for the
longitudinal conductivity σxx.
The expression for the Hall conductivity σxy corre-
sponding to eq. (2.16) was given by Kohno and Ya-
mada.74)
σxy = −He
3
∑
k
∫
dε
pi
(− f ′(ε))|ImGR(k, ε)||GR(k, ε)|2
×v˜x(k, ε)[Jx (k, ε)∂Jy(k, ε)/∂ky
− Jy(k, ε)∂Jx(k, ε)/∂ky]. (2.18)
In case of the Hall conductivity, the most divergent term
with respect to τ(k) is the square term, σxy ∝ τ(k)
2.
This expression was obtained by calculating the current
under the magnetic filed H and estimating the linear
term with respect to the field H .74) In this paper, the
magnetic field is fixed to be parallel to the c-axis H ‖ c,
and the current J is fixed to be perpendicular to the
c-axis J ⊥ c.
The above expressions (eqs. (2.16) and (2.18))
are rewritten to the more conventional form by us-
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ing the formula, |GR(k, ε)|2 = piρ(k, ε)/γ(k, ε) and
|ImGR(k, ε)||GR(k, ε)|2 = piρ(k, ε)/2γ(k, ε)2. Here,
ρ(k, ε) = z(k)δ(ε−ε∗(k)) is the coherent part of the spec-
tral weight, z(k) = (1 − ∂ReΣR(k, ε)/∂ε|ε=ε∗)
−1 is the
mass renormalization factor and γ(k, ε) = −ImΣR(k, ε).
The energy of the quasi-particle ε∗(k) is determined by
the equation ε∗(k) − ε(k) − ReΣ(k, ε∗(k)) = 0, which
results in the conventional form ε∗(k) ∼= z(k)(ε(k) +
ReΣ(k, 0)). The resulting conductivities are expressed
as,
σxx = e
2
∑
k
z(k)(−f ′(ε∗(k)))v˜x(k, ε
∗(k))
×Jx(k, ε
∗(k))/γ(k, ε∗(k)), (2.19)
∼= e2
∫
FS
dk
(2pi)2
v˜x(k)
v˜(k)
Jx(k)τ(k), (2.20)
σxy = −
He3
2
∑
k
z(k)(−f ′(ε∗(k)))v˜x(k, ε
∗(k))
×[Jx(k, ε
∗(k))
∂Jy(k, ε
∗(k))
∂ky
−Jy (k, ε
∗(k))
∂Jx(k, ε
∗(k))
∂ky
]/γ(k, ε∗(k))2, (2.21)
∼=
He3
4
∫
FS
dk
(2pi)2
|J(k)|2(
∂ϕ(k)
∂k‖
)τ(k)2. (2.22)
Here, the integration
∫
FS
is carried out on the Fermi
surface. Although the above expressions are similar to
the results of Boltzmann equations, the velocity is re-
placed by the total current vertex Jµ. These expressions
are justified in the Fermi liquid limit z(k)γ(k) ≪ T .
In this limit, the electric conductivities are determined
by the velocity v˜(k, 0), the current vertex Jµ(k, 0) and
the lifetime τ(k). Therefore, we have used the definition
v˜µ(k) = v˜µ(k, 0), Jµ(k) = Jµ(k, 0) and so on. In eq.
(2.22), we use the angle of the current vertex which is
defined as ϕ(k) = Arctan(Jx(k)/Jy(k)) (See Fig. 5). It
is important that the Hall conductivity is proportional
to the differential of the angle ϕ(k) with respect to the
momentum along the Fermi surface k‖.
In this paper, we use eqs. (2.16)-(2.18) in calculat-
ing the conductivities, although eqs. (2.19)-(2.22) are
expected to give qualitatively same results. This is be-
cause the Fermi liquid limit is not always justified and be-
cause the finite size effects are reduced by this procedure.
The resulting resistivity ρ and Hall coefficient RH are ob-
tained by the formula, ρ = 1/σxx and RH = σxy/σ
2
xxH ,
respectively. Hereafter, we neglect the constant factor
arising from the charge e.
It should be noticed that the coherent transport is as-
sumed in the above expressions. This assumption seems
to be incompatible with the pseudogap induced by the
large damping near the Fermi level. However, this dif-
ficulty is removed by the characteristic momentum de-
pendence of the systems, i.e., the pseudogap occurs at
the Hot spot, while the in-plane transport is determined
by the Cold spot. Because the coherency of the quasi-
particles at the Cold spot is sufficiently maintained, the
above formula are justified even in the pseudogap state.
We comment on the c-axis transport which shows qual-
itatively different behaviors from the in-plane transport.
The c-axis resistivity shows a semi-conductive behavior
in the pseudogap state.8) The c-axis optical conductiv-
ity σc(ω) shows a pseudogap, while the in-plane optical
conductivity σab(ω) shows a sharp Drude peak in the
pseudogap state.16) Thus, the c-axis transport is incoher-
ent while the in-plane transport is sufficiently coherent.
Since the formalism used in this paper assumes the coher-
ent transport, the quantitative estimation for the c-axis
transport is difficult. However, we have obtained the con-
sistent understanding also for the c-axis transport.47, 57)
The qualitative differences are explained from the char-
acteristic momentum dependence of the matrix element
of the inter-layer hopping t⊥(k) ∝ (coskx−cosky)
2 which
was shown by the band calculation.75) In short, the c-
axis transport is mainly determined by the Hot spot,
and therefore the coherent transport is suppressed by
the pseudogap.35) Thus, the incoherent c-axis transport
in the pseudogap state is also explained in a consistent
way.
§3. Electric Transport in the Nearly Anti-
ferromagnetic Fermi Liquid
In this section, we review the effects of the AF
spin fluctuations on the electric transport. The de-
tailed explanation has been given in the previous
works.45, 46, 47, 49, 48) Below, we explain the essential
points and show the typical results obtained by the
FLEX approximation. The interaction is fixed to U =
1.6, and the self-energy Σ(k, ω) = ΣF(k, ω) is obtained
by eqs. (2.3)-(2.6) in this section.
The corresponding four point vertex in the FLEX ap-
proximation is shown in Fig. 3(a-c).48) Since the term
(a) gives the dominant contribution,48) the terms (b) and
(c) are neglected in this paper. We call the term (a) spin
fluctuation Maki-Thompson (SPMT) term in this paper.
The obtained vertex function in eq. (2.17) is expressed
as,
ℑF22(k, ε : k
′, ε
′
) = 2i(cth(
ε− ε
′
2T
) + tanh(
ε
′
2T
))
×ImV Rn (k − k
′, ε− ε
′
). (3.1)
The current vertex J(k, ε) is calculated by solving eq.
(2.17). The longitudinal and transverse conductivities
are calculated by using eqs. (2.16) and (2.18).
We point out three important properties which gener-
ate the unconventional transport in High-Tc cuprates.
The first is the momentum dependence of the quasi-
particle’s lifetime τ(k). We show the typical results in
Fig. 4 in which the horizontal axis is the angle from the
x-axis θ = Arctan(ky/kx). It is clear that the lifetime is
long in the diagonal direction θ = pi/4 and short around
θ = 0 or pi/2.45, 46, 47) This property is caused by the mo-
mentum dependence of the AF spin fluctuations χ(q,Ω)
which has the peak near the anti-ferromagnetic wave vec-
tor q ∼ Q = (pi, pi). Since the quasi-particle’s damping
γ(k) = −ImΣR(k, 0) depends on the low-energy den-
sity of state around k′ = k + Q, the lifetime is short
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k ε k’ ε’+ω +ω
k ε k’ ε’
(a)
k ε+ω k’ ε’+ω
k’ ε’k ε
(b)
k ε+ω k’ ε’
k’ ε’k ε +ω
(c)
Fig. 3. The four point vertex in the FLEX approximation. (a)
The SPMT term which is the dominant term. The diagrams (b)
and (c) are neglected in this paper.
0.0 0.5 1.0 1.5
θ
0
50
100
150
200
τ(k
)
δ=0.09
δ=0.15
Fig. 4. The momentum dependence of the lifetime τ(k) on the
Fermi surface. The horizontal axis shows the angle from x-
direction, θ = Arctan(ky/kx). The closed and open symbols
correspond to the under-doped (δ = 0.09) and optimally-doped
(δ = 0.15) cases, respectively. The circles and triangles are the
results at T = 0.005 and T = 0.009, respectively.
near the magnetic Brillouin zone boundary on which
ε(k) = ε(k +Q) and/or around the Van-Hove singular-
ity at k = (pi, 0). This area is called ‘Hot spot’. There-
fore, the electric transport is practically carried by the
quasi-particles at the Cold spot which is located near
k = (pi/2, pi/2), namely θ = pi/4. This momentum de-
pendence plays an important role even in the pseudogap
state.
The second is the T -linear dependence of the damp-
ing rate γc = −ImΣ(kc, 0) which causes the T -linear
resistivity. Here, kc means the momentum at the Cold
spot. It have been pointed out that the T 2-resistivity
is always obtained in the low temperature limit even at
the quantum critical point unless the Fermi surface is
perfectly nested.47, 76) However, the crossover tempera-
ture from T 2- to T -linear resistivity is sufficiently small
because it decreases owing to the transformation of the
Fermi surface.47)
Hot SpotJ(k)
v(k)
θ
Cold Spotϕ
Fig. 5. The schematic figure of the Fermi surface, the band ve-
locity v(k) and the current vertex J(k). The dashed line is
the magnetic Brillouin zone boundary. The thin and thick ar-
rows correspond to v(k) and J(k), respectively. The dotted line
shows the wave vector Q = (pi, pi). The angles θ and ϕ are used
in other figures.
The third is the vertex correction.48, 49) The vertex cor-
rection is not so important for the resistivity. However,
the correction from the SPMT term significantly en-
hances the Hall coefficient. Although the momentum de-
pendent lifetime also enhances the Hall coefficient,46, 47)
the vertex correction gives the dominant contribution to
the enhancement. The temperature and doping depen-
dence of the Hall coefficient is explained by this contri-
bution. Here, we explain the mechanism of the enhance-
ment arising from the vertex correction.
Since the AF spin fluctuations connect the current ver-
tex J(k) with J(k + Q), the vertex correction is espe-
cially important on the anti-ferromagnetic Brillouin zone
boundary. Near the Hot spot, the approximate solution
of the Bethe-Salpeter equation is obtained by solving the
simultaneous equations,48)
J(k) = v˜(k) + α(k)J(k +Q), (3.2)
J(k +Q) = v˜(k +Q) + α(k +Q)J(k). (3.3)
Since we can assume 0 < α(k +Q) ∼= α(k) < 1 in this
approximation, the current vertex is expressed as
J(k) =
v˜(k) + α(k)v˜(k +Q)
1− α(k)2
. (3.4)
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Since the velocity v˜(k+Q) appears in the above expres-
sion, the directions of the velocity v˜(k) and the current
vertex J(k) are different. Although the vertex correc-
tion is weaker at the Cold spot, the qualitatively same
behavior as eq. (3.4) is expected. The schematic figure
of the band velocity v(k) and the current vertex J(k) is
shown in Fig. 5.
0.0 0.5 1.0 1.5
θ
−0.5
0.0
0.5
1.0
1.5
2.0
ϕ(
k)
band velocity
T=0.005 (δ=0.09)
T=0.02 (δ=0.09)
T=0.005 (δ=0.15)
0.0 0.5 1.0 1.5θ
|J(
k)|
Fig. 6. The angle of the current vertex ϕ(k) = Arctan(Jx(k)/Jy(k))
on the Fermi surface. The closed and open squares show the
results of the under-doped case (δ = 0.09) at T = 0.005 and
T = 0.02, respectively. The triangles show the results at δ = 0.15
and T = 0.005. The dashed line is the angle of the band veloc-
ity ϕ(k) = Arctan(vx(k)/vy(k)) at δ = 0.09. This angles ϕ(k)
and θ are shown in Fig. 5. The inset shows the absolute value
|J(k)|. The solid (δ = 0.09, T = 0.005), long dashed (δ = 0.09,
T = 0.02), dash-dotted (δ = 0.15, T = 0.005) lines are shown.
The dashed line shows the absolute value of the band velocity
|v(k)|
The transformation of the current vertex from the
band velocity leads to the significant enhancement of the
Hall coefficient. This is because the Hall conductivity is
approximately proportional to the gradient of the angle
ϕ(k) = Arctan(Jx(k)/Jy(k)) with respect to the mo-
mentum on the Fermi surface (See eq. (2.22)). We show
the obtained results of the angle ϕ(k) in Fig. 6. The
gradient at the Cold spot becomes steep as the spin fluc-
tuations becomes strong. Therefore, the Hall coefficient
is temperature dependent in response to the temperature
dependence of the spin fluctuations.
The calculated resistivity ρ and Hall coefficient RH are
shown in Fig. 7. Fig. 7(a) shows the T -linear law of the
resistivity in the sufficiently low temperature region. It
should be noticed that the absolute value of the current
vertex |J(k)| is reduced from the band velocity |v(k)| at
the Cold spot. Therefore, the resistivity increases ow-
ing to the vertex correction. However, the temperature
dependence is not so affected since the increase is al-
most temperature independent (See the inset of Fig. 6).
Fig. 7(b) shows the enhancement of the Hall coefficient
with decreasing the temperature. This temperature de-
pendence is remarkable when the spin fluctuations are
strong, namely in the under-doped region.
These results well explain the unconventional trans-
port of High-Tc cuprates except for the pseudogap region.
The characteristic behaviors in the pseudogap state are
explained by considering the SC fluctuations in the fol-
lowing sections.
0.00 0.01 0.02 0.03 0.04 0.05
T
0.0
0.2
0.4
0.6
0.8
ρ
δ=0.09
δ=0.09 (no VC)
(a)
0.00 0.01 0.02 0.03 0.04 0.05
T
0.0
2.0
4.0
6.0
R
H
δ=0.09
δ=0.15
δ=0.09 (no VC)
(b)
Fig. 7. The results of the FLEX approximation at U = 1.6.
(a)The resistivity and (b) the Hall coefficient in under-doped
(δ = 0.09, circles) and optimally-doped (δ = 0.15, squares) cases.
The closed and open symbols show the results with and without
the vertex correction, respectively. The shown temperature re-
gion is higher than that in the following sections where the SC
fluctuations affect significantly.
§4. Electric Transport in the Pseudogap State
In this section, we discuss the electric transport in
the pseudogap state. Because the SC fluctuations, spin-
fluctuations and the single particle properties are coupled
to each other, there are many effects of the SC fluctua-
tions. First, we classify the effects of the SC fluctuations
in the following way.
1. The pseudogap in the single particle properties.
2. The feedback effects through the pseudogap in the
AF spin fluctuations. This includes the decrease of
the quasi-particle’s damping due to the spin fluctu-
ations γF(k) = −ImΣ
R
F (k, 0).
3. The vertex corrections arising from the SC fluctua-
tions. The AL term is classified into these correc-
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tions.
The following discussion and calculation show that the
main effects are from (2). Actually, we obtain a qualita-
tively same result by considering only the effects (2). We
estimate the effect (3) in the next section and show that
the essential properties are obtained without the vertex
correction arising from the SC fluctuations. Thus, in
this section we show the results without the vertex cor-
rections.
We perform the SC-FLEX+T-matrix (SCFT) approx-
imation in which the Green function and the spin sus-
ceptibility are obtained by solving eqs. (2.3)-(2.13) self-
consistently. In this section, the four point vertex is
expressed by eq. (3.1) in which the spin susceptibility
is suppressed by the pseudogap. The repulsive interac-
tion U is chosen as U = 1.6 or U = 2.0, hereafter. We
show the results at U = 1.6 for the comparison with
the results of the FLEX approximation. Actually, the
FLEX approximation is difficult in case of U > 1.6 and
δ < 0.10, because the system is too close to the anti-
ferromagnetic instability. The effects of the SC fluctua-
tions are clarified by the comparison. We can calculate
at larger U by considering the SC fluctuations, because
the anti-ferromagnetic instability is suppressed by the
pseudogap.36) Since the SC fluctuations become strong
by increasing U , the pseudogap appears more clearly in
case of U = 2.0 than U = 1.6.
We first discuss the resistivity. The effect (1) obvi-
ously reduces the longitudinal and transverse conductiv-
ities, because the extremely large damping is the origin of
the pseudogap. Therefore, our theory on the pseudogap
seems to be incompatible with the downward deviation of
the observed resistivity.7, 8, 10, 9) However, the increase of
the resistivity by the effect (1) is not significant because
the pseudogap occurs at the Hot spot which is not impor-
tant for the transport phenomena. On the other hand,
the effect (2) which increases the conductivity gives the
larger effect than (1), so that our results are consistent
with the experiments. When the spin fluctuations are
suppressed by the pseudogap, the quasi-particle’s damp-
ing by the spin fluctuations γF(k) = −ImΣ
R
F (k, 0) is also
suppressed. Thus, the resistivity is decreased by the ef-
fect (2).
We show the obtained momentum dependence of the
wave function φ(k) = φ(k, ipiT ) in Fig. 8. It is shown
that the wave function at the Cold spot (θ ∼ pi/4)
is smaller than that of the conventional d-wave form
φ(k) ∝ cos(kx) − cos(ky) or φ(k) = cos(2θ). This
property becomes clearer as decreasing the hole-doping.
These results are consistent with the experimental results
by the ARPES.77) Because of the approximate relation
γS(k) = −ImΣ
R
S (k, 0) ∝ |φ(k)|
2, the quasi-particle’s
damping induced by the SC fluctuations is further small
at the Cold spot.
In Fig. 9, we compare the quasi-particle’s lifetime τ(k)
in the SCFT approximation and in the FLEX one. It is
clear that τ(k) at the Cold spot (θ ∼ pi/4) is longer in the
SCFT approximation in which the effects (1) and (2) are
taken into account. Thus, the feedback effect (2) exceeds
0.0 0.5 1.0 1.5
θ
0.0
0.2
0.4
0.6
0.8
1.0
|φ(
k)|
Results
cos(kx)−cos(ky)
cos(2θ)
Fig. 8. The momentum dependence of the wave function |φ(k)| =
|φ(k, ipiT )| at U = 1.6, δ = 0.09 and T = 0.005 (squares). The
results on the Fermi surface are shown. The solid line shows
the conventional momentum dependence |φ(k)| ∝ | cos(kx) −
cos(ky)|. The dashed line shows the line |φ(k)| = | cos(2θ)|. The
results are normalized as the maximum value is unity φ(k)|max =
1. Strictly speaking, we cannot define the Fermi surface at the
Hot spot because of the pseudogap. In this paper, the Fermi
surface is defined as the momentum at which the sign of ωp
changes. (ωp is the energy at which the spectral weight A(k, ω)
has its maximum.) The results are not affected by the definition,
qualitatively.
0.0 0.5 1.0 1.5
θ
0
50
100
150
200
250
τ(k
)
FLEX (T=0.005)
SCFT (T=0.005)
FLEX (T=0.009)
SCFT (T=0.009)
Fig. 9. The momentum dependence of the lifetime τ(k) on the
Fermi surface. The open and closed symbols show the results
of the FLEX and the SCFT approximations, respectively. The
circles and squares correspond to T = 0.005 and T = 0.009,
respectively. The parameters are chosen as U = 1.6 and δ = 0.09.
the effect (1) in the pseudogap state, and decreases the
resistivity.
The other important character is that the increase of
the τ(k) is slight, while the 1/T1T is remarkably reduced
(See Fig. 2(b)). This is because the Cold spot is not so
sensitive to the feedback effect, while the Hot spot is
significantly affected. As is shown in Ref. 36, the sup-
pression of χ(q, ω) by the pseudogap is strong at q = Q,
while the suppression of the incommensurate component
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is comparatively small. Since the quasi-particles at the
Cold spot are not directly scattered by the spin fluctu-
ations at q = Q, the feedback effect is relatively small.
Therefore, the resistivity only slightly decreases owing to
the SC fluctuations. This is not caused by the competi-
tion between the effects (1) and (2), however caused by
the slightness of the effect (2).
0.002 0.006 0.010 0.014 0.018
T
0.0
0.1
0.2
0.3
0.4
ρ
SCFT
FLEX
SCFT (no VC)
FLEX (no VC)
(a)
0.002 0.006 0.010 0.014 0.018
T
0.0
0.1
0.2
0.3
0.4
0.5
ρ
δ=0.09 
δ=0.15 
0.0
0.1
0.2
0.3
0.4
0.5
0.6
ρ
δ=0.09 (no VC)
δ=0.15 (no VC)
(b)
Fig. 10. The temperature dependence of the resistivity ρ. (a)
The results at U = 1.6 and δ = 0.09. The closed and open cir-
cles show the results with and without the SPMT term, respec-
tively. The long-dashed and dash-dotted lines show the results
of the FLEX approximation. (b) The results at U = 2.0. The
squares and circles correspond to under-doped (δ = 0.09) and
optimally-doped (δ = 0.15) cases, respectively. The closed and
open symbols show the results with and without the SPMT term,
respectively. The vertical axis of the closed symbols is shifted
for eyes. The additional dashed lines are also shown for eyes.
The obtained results for the resistivity are shown in
Fig. 10. The comparison between the SCFT and FLEX
approximations at U = 1.6 (Fig. 10(a)) confirms the
above discussion which indicates that the effect (2) ex-
ceeds the effect (1). Since the downward deviation occurs
even in the FLEX approximation, this deviation does not
necessarily mean the onset of the pseudogap. Indeed,
the downward deviation is a feature in the crossover re-
gion from the T -linear law to the T 2-law of the resistiv-
ity. Anyway, the feedback effect also contributes to the
downward deviation.
In case of U = 2.0 the resistivity shows the downward
deviation more clearly (Fig. 10(b)). This feature be-
comes more remarkable as decreasing the hole-doping,
which is consistent with the experimental results includ-
ing the doping dependence. It is notable that down-
ward deviation becomes more distinct by considering the
vertex correction. This means that the feedback effect
through the SPMT term is also important. Anyway, an
important result is that the response of the resistivity
to the pseudogap is remarkably weak compared with the
magnetic properties and the single particle properties.
Thus, our theory is consistent with the experimental re-
sults in detail.7, 8, 10, 9)
It is worthwhile to comment that the approximate re-
lation ρ ∝ T 2χ(Q, 0) or ρ ∝ T 2/T1T , which has been
used in the spin fluctuation theory, considerably over-
estimates the feedback effect. The appropriate results
are obtained by fully considering the momentum depen-
dence.
Next, we discuss the Hall coefficient. The Hall coeffi-
cient is enhanced by the effect (1) because the momen-
tum dependence of the lifetime becomes strong. Actu-
ally, this enhancement by the SC fluctuations was used
to explain the enhancement of the Hall coefficient.57)
However, we find that this effect is much smaller than
the feedback effect (2). The behavior of the Hall co-
efficient is mainly determined by the vertex correction
arising from the SPMT term, since this term remark-
ably enhances the Hall coefficient. The Hall coefficient
are obviously reduced by the feedback effect (2). This
feedback effect is much more significant than that on
the resistivity. The momentum dependence of the angle
ϕ(k) = Arctan(Jx(k)/Jy(k)) is shown in Fig. 11(a). It
is shown that the gradient at the Cold spot (θ ∼ pi/4) is
remarkably reduced by the SC fluctuations, however still
larger than the band velocity. Fig. 11(b) show the ab-
solute value of the current vertex |J(k)|. It is clear that
the feedback effect on ϕ(k) at the Cold spot is much
stronger than that on |J(k)|. We can understand from
Fig. 11(b) that the feedback effect through the SPMT
term is significant at the Hot spot where the pseudogap
occurs.
The calculated results of the Hall coefficient are shown
in Fig. 12 which clearly confirm the above discussions.
The Hall coefficient at U = 1.6 is remarkably reduced
from the result of the FLEX approximation. The re-
sult shows the peak near T = 0.005 and decreases with
decreasing the temperature (Fig. 12(a)). The decrease
is more distinct in case of U = 2.0 (Fig. 12(b)). The
decrease of the Hall coefficient in the pseudogap state
becomes small with increasing the hole-doping. These
results qualitatively explain the experimental results in
the pseudogap state,7, 12, 11, 9, 13, 15) including the doping
dependence. If we neglect the SPMT term, the Hall coef-
ficient shows only the slight increase with decreasing the
temperature (See the inset of Fig. 12(a)). In this case,
the absolute value is much smaller than the experimen-
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Fig. 11. (a) The angle of the current vertex ϕ(k) =
Arctan(Jx(k)/Jy(k)) on the Fermi surface. The open and closed
circles show the results of the SCFT approximation at T =
0.0035 and T = 0.005, respectively. The squares show the result
of the FLEX approximation at T = 0.005. The dashed line shows
the angle of the band velocity ϕ(k) = Arctan(vx(k)/vy(k)). (b)
The absolute value of the current vertex |J(k)| in the FLEX
(squares) and SCFT (circles) approximations at T = 0.005. The
dashed line shows the absolute value of the band velocity |v(k)|.
The parameters are chosen as U = 1.6 and δ = 0.09.
tal results. Thus, the SPMT term plays an essential role
for explaining the Hall coefficient even in the pseudogap
state.
Thus, the behaviors of the transport coefficients in the
pseudogap state are explained by considering the spin
fluctuations and the SC fluctuations simultaneously. It is
confirmed that these properties are mainly caused by the
feedback effect through the pseudogap of the spin fluctu-
ations. The feedback effect is sufficiently small for the re-
sistivity, however is rather strong for the Hall coefficient.
This difference reflects the importance of the SPMT term
for the quantities. Thus, the different responses of the
respective quantities are naturally explained in our the-
ory.
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Fig. 12. The temperature dependence of the Hall coefficient RH.
(a) The results at U = 1.6 obtained by the SCFT approximation
at δ = 0.09 (circles) and δ = 0.15 (squares). The inset shows the
comparison with the FLEX approximation (triangles) and the
SCFT approximation without the SPMT term (open circles) at
δ = 0.09. (b) The results at U = 2.0. The circles and squares
correspond to δ = 0.09 and δ = 0.15, respectively.
§5. Vertex Corrections by the Superconducting
Fluctuations
In this section, the vertex corrections arising from the
SC fluctuations are discussed. Since the SC fluctuations
also give rise to the temperature dependence of the four
point vertex, it is worthwhile to investigate the effects
of the SC fluctuations through the vertex correction. It
is difficult to satisfy the Ward identity including the SC
fluctuations, because the SCFT approximation is not the
conserving approximation. However, this is not crucial
in terms of the momentum conservation law since the
conservation law has already been broken in the lattice
systems. Here, we estimate the vertex corrections in a
perturbative way with respect to the SC fluctuations in
order to get a qualitative knowledge about their effects.
In addition to that, the SC fluctuations have a diver-
gent contribution which is not included in the E´liashberg
formalism. Therefore, we estimate the AL term which is
the most possible term among them. A main conclusion
of this section is that the above corrections do not give
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a qualitative modification of the results in §4. That is,
the discussions in §4 are robust in a qualitative sense.
(a)
k ε+ω k’ ε’
k ε k’ ε’+ω
(b)
Fig. 13. (a) The four point vertex corresponding to eq. (5.1). (b)
The corresponding Feynman diagram of the AL term. The solid
line and the long-dashed wavy line represent the propagator of
the single particles and the SC fluctuations, respectively.
First, we consider the vertex correction within the low-
est order about 1/τ(k). Here, the parameter 1/τ(k) is
interpreted as that at the Cold spot 1/τc = 1/τ(kc). We
estimate only the lowest order term with respect to the
T-matrix (Fig. 13 (a)). The term is written as the super-
conducting fluctuation Maki-Thompson (SCMT) term in
this paper. Afterward, the higher order term is partly
estimated and is confirmed to be negligible in the main
part of the pseudogap state. The SCMT term has a
similar, but not the same contribution as the Maki-
Thompson term.42) Because we treat this term by using
the E´liashberg formalism, the vertex correction is cal-
culated iteratively, however the higher order correction
with respect to 1/τ(k) is not included.
The four point vertex function of the SCMT term is
obtained by using the procedure in §2,
ℑS22(k, ε : k
′, ε
′
) = 2i|φ(k, ε)|2(cth(
ε+ ε
′
2T
)− tanh(
ε
′
2T
))
× ImtR(k + k′, ε+ ε
′
). (5.1)
The total four point vertex is given by the summation
of eq. (3.1) and eq. (5.1), ℑ22 = ℑ
F
22 + ℑ
S
22. It should
be noticed that the vertex correction by the SCMT term
disappears in the diagonal direction θ = pi/4 because of
the d-wave form factor (See Fig. 8). Therefore, it is
expected that the SCMT term does not play an essen-
tial role. The characteristic momentum dependence (Hot
spot and Cold spot) plays an important role also in this
stage.
The SCMT term couples the current vertex J(k)
to J(−k) = −J(k). Then, the similar estimation to
eqs.(3.2-4) reveals the following approximate relation,
J(k) = v˜(k) + α(k)J(k +Q) + β(k)J(k),(5.2)
J(k +Q) = v˜(k +Q) + α(k +Q)J(k)
+β(k +Q)J(k +Q), (5.3)
J(k) =
(1 − β(k))v˜(k) + α(k)v˜(k +Q)
(1 − β(k))2 − α(k)2
. (5.4)
The factor β(k) arises from the SCMT term, and satisfies
the relation 0 ≤ β(k) < 1 − α(k). A simple estimation
reveals that the current vertex increases by the SCMT
term i.e., the SCMT term enhances the longitudinal con-
ductivity.
Since the coefficient of v˜(k) in eq. (5.4) relatively de-
creases by the factor 1− β(k), the gradient of the angle
ϕ(k) becomes steep by the SCMT term. However, this
effect is not so strong at the Cold spot because the factor
β(k) = 0 at θ = pi/4. These discussions are confirmed by
showing the calculated results of the angle ϕ(k) in Fig.
14 (a). As a result, the Hall coefficient is enhanced by the
SCMT term, however the enhancement is not significant.
It is notable that the enhancement of the Hall coefficient
does not occur without the SPMT term. In other wards,
the SCMT term indirectly enhances the Hall coefficient
through the effect of the SPMT term.
In addition to the above correction, we calculate the
AL term (Fig. 13(b)).41) The AL term has divergent
contribution in the vicinity of the critical point T = Tc
and is interpreted as the conductivity carried by the fluc-
tuating Cooper pairs.78) Therefore, this contribution is
written as the superconducting part σs in contrast to
the normal part σn. Here, we define the normal part σn
as the lowest order contribution with respect to 1/τ(k).
The expression of the AL term is obtained as follows,
σs =
1
ω
ImKAL(ω)|ω→0, (5.5)
KAL(ωn) = (2e)
2T
∑
q,Ωn
Cx(q, iΩn : iωn)
2
×t(q, iΩn)t(q, iΩn + iωn), (5.6)
Cx(q, iΩn : iωn) = T
∑
k,ωm
vx(k)φ(k, iωm)φ
∗(k, iωm + iωn)
×G(k, iωm)G( k , iωm + iωn)G(k − q, iΩn − iωm). (5.7)
The ωn-dependence of the three point vertex function
Cx(q, iΩn : iωn) is usually neglected because it gives only
the less divergent contribution with respect to 1/t0. Ac-
tually, this procedure corresponds to the exclusion of the
normal part contribution of the AL term. We confirmed
numerically that this normal part contribution is small
compared with that from the SCMT term. Hereafter, we
neglect the ωn-dependence in Cx(q, iΩn : iωn) in order
to maintain the consistency with the transverse conduc-
tivity. This choice does not affect the following results,
qualitatively. The equations.(5.5-7) result in the follow-
ing expression in the weak coupling limit,
σs =
e2
16
T
T − Tc
. (5.8)
This is the well-known result in two dimension. Here, we
directly calculate the functionKAL(ωn) on the imaginary
axis, and obtain the conductivity σs by the analytic con-
tinuation. The total conductivity σ is obtained by the
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Fig. 14. (a) The angle of the current vertex ϕ(k) =
Arctan(Jx(k)/Jy(k)) on the Fermi surface. (b) The absolute
value |J(k)|. The squares and the circles correspond to the re-
sults with and without the SCMT term, respectively. The dashed
line shows the results of the band velocity. The parameters are
chosen as U = 2.0, δ = 0.09 and T = 0.004.
summation σ = σn + σs.
We show the obtained results of the resistivity in Fig.
15. Both the SCMT and AL terms decrease the resistiv-
ity, as is expected in the above discussions. The effect of
the SCMT term increases with decreasing the tempera-
ture. This natural trend is indistinct in Fig. 15 because
the absolute value of the resistivity becomes small at
the low temperature. It is an important result that the
SCMT term does not significantly affect the temperature
dependence of the resistivity. The effect of the SCMT
term becomes more indistinct with hole-doping, which
is a natural result because the SC fluctuations become
weak.
The other important result is that the AL term is al-
most negligible except for the narrow region near the
critical point. The contribution is sufficiently small even
in the deeply critical region T < TMFc . The divergent be-
havior of the AL term is not shown in our results because
the calculation is carried out within the region t0 > 0.01.
(The numerical error becomes serious as the parameter
0.003 0.004 0.005 0.006 0.007 0.008
T
0.00
0.10
0.20
ρ
δ=0.09
SCMT
SCMT+AL
δ=0.15
SCMT
SCMT+AL
Fig. 15. The effects of the vertex correction on the resistivity ρ.
The thick solid, dash-dotted and thin solid lines are the results
at δ = 0.09 with SPMT term, with SPMT and SCMT terms
and with SPMT, SCMT and AL terms, respectively. The thick
long-dashed, dashed and thin long-dashed lines show the same
results at δ = 0.15. The interaction is fixed to U = 2.0.
t0 becomes too small.)
This is an expected behavior in case of the strong cou-
pling superconductivity. The AL term is expressed by
the universal expression (eq. (5.8)) which does not de-
pend on the parameters of the fluctuations, while the
effect on the single particle properties is enhanced in the
strong coupling superconductors. In other words, the
pseudogap occurs under the relatively large value of t0
where the AL term is small. Therefore, the pseudogap
phenomena in the single particle properties dominate the
contribution of the AL term at least in the strong cou-
pling limit.
The other important aspect is the ratio of the super-
conducting part σs to the normal part σn. The AL term
becomes important when the absolute value of the nor-
mal part is small. Since the normal part σn is large owing
to the Cold spot, the superconducting part σs is rela-
tively small in the High-Tc cuprates. In other words, the
AL term is a higher order term with respect to 1/τc which
is a sufficiently small parameter (for example, ≤ 10−2 at
T = 0.004 and δ = 0.09). Since the parameter 1/τc
becomes even smaller with hole-doping, the AL term is
more indistinct in the optimally-doped case (Fig. 15).
In case of the strong coupling s-wave superconductors,
the AL term should be much more important. This is
because the pseudogap occurs on the whole Fermi sur-
face and therefore the normal part σn is remarkably sup-
pressed. Thus, the momentum dependence of the d-wave
superconductivity plays an important role in this stage.
Here, we briefly comment on the c-axis transport. The
normal part of the conductivity σn is significantly small
along the c-axis. However, the AL term is negligible
even in this case. This is because the AL term is higher
order with respect to the inter-layer hopping t⊥(k), i .e.
σs ∝ t
4
⊥ while σn ∝ t
2
⊥.
51, 52) It is clear that the AL term
is negligible when the two dimensionality is strong. It is
again noted that the qualitative difference between the
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c-axis and in-plane transport is not attributed to this
difference of the AL term,51, 52) but to the difference of
the normal part (See the last of §2.1).
0.002 0.004 0.006 0.008 0.010 0.012
T
1.5
2.0
2.5
3.0
3.5
4.0
R
H
δ=0.09
SCMT
SCMT+AL
Fig. 16. The effects of the vertex correction on the Hall coefficient
RH. The meanings of the lines are the same as those in Fig. 15.
We show the results of the Hall coefficient in Fig. 16.
It is shown that the SCMT term enhances the Hall coeffi-
cient as is expected. However, this effect is much smaller
than the feedback effect discussed in §4. Therefore, the
qualitatively the same behaviors are obtained, although
the decrease of the Hall coefficient is reduced. If we con-
sider the AL term, the Hall coefficient decreases more
clearly. The effect of the AL term is more distinct in
the Hall coefficient. As a result, the qualitatively same
results are obtained as those obtained in §4. In partic-
ular, the downward deviation of the Hall coefficient in
the pseudogap state is robust. The response of the Hall
coefficient to the pseudogap is rather strong compared
with that of the resistivity. Thus, the discussion which
is given before is confirmed by the numerical results.
Here, we comment on the contribution of the AL
term on the Hall conductivity.56, 79) This contribution
has been discussed in connection with the sign change
of the Hall conductivity which is observed in the vicin-
ity of the critical point.80) Generally speaking, the con-
tribution is much smaller than that to the longitudinal
conductivity σs. The ratio is the order Tc/εF and is esti-
mated by the Ω-dependence of the T-matrix.55, 56, 79, 26)
Although the ratio Tc/εF is relatively large in High-Tc
cuprates, it is still small of the order ∼ 10−1 in this
calculation. Therefore, the contribution to the Hall con-
ductivity is expected to be negligible in the region of our
interest.
§6. Conclusion and Discussions
In this paper, we have investigated the transport phe-
nomena in the pseudogap state of High-Tc cuprates, as-
suming that the pseudogap phenomena are caused by
the strong SC fluctuations. We previously developed a
microscopic formalism which describes the SC fluctua-
tions and the pseudogap phenomena by starting from the
Hubbard model.36) We have applied the formalism to the
calculation of the transport coefficients. In this paper,
the attention has been mainly focused on the in-plane
electric transport, such as the resistivity ρ and the Hall
coefficient RH. A brief comment on the c-axis transport
has been given.
Since the conductivity is expressed by the two point
correlation function, not only the single-particle Green
function but also the four point vertex are necessary for
the calculation. First, we have performed the calculation
in which the vertex correction arising from the spin fluc-
tuations (SPMT term) is included. We have shown in §4
that the characteristic behaviors in the pseudogap state
are well explained within this calculation. The resistivity
is slightly reduced by the SC fluctuations and deviates
downward in the pseudogap state.7, 8, 10, 9) The Hall co-
efficient also deviates downward and shows a broad peak
above Tc.
7, 12, 11, 9, 13, 15) We wish to point out that quite
opposite behaviors are obtained if one considers only the
SC fluctuations. The correct results are obtained by con-
sidering the SC fluctuations and the AF spin fluctuations
simultaneously. Actually, the direct effects of the pseu-
dogap and the feedback effects through the spin fluc-
tuations compete with each other. Our calculation has
quantitatively shown that the feedback effects exceed the
direct effects, and the consistent results with experiments
are obtained. The above behaviors becomes clearer with
decreasing hole-doping δ and/or increasing U . These re-
sults are also consistent with the experimental results.
It has been pointed out that the characteristic mo-
mentum dependence plays an essential role in the above
argument. One is the existence of the Hot spot and the
Cold spot. Another one is the d-wave form of the pseu-
dogap. Roughly speaking, the pseudogap phenomena oc-
curs at the part of Fermi surface (Hot spot) which is not
important for the electric transport from the beginning.
The easily flowing quasi-particles at the Cold spot are
mainly affected by the spin fluctuations, rather than the
SC fluctuations. Therefore, the transport phenomena in
the pseudogap state are dominated by the feedback ef-
fects. If the superconductivity is the s-wave, or if the
momentum dependent lifetime is neglected, the qualita-
tively inconsistent results are obtained.
The above mentioned momentum dependence yields
an outstanding character of the transport phenomena.
While many of the interesting phenomena, such as the
single particle’s pseudogap, magnetic properties and so
on, occur mainly at the Hot spot. On the other hand,
the in-plane transport is mainly determined by the Cold
spot. This is why the in-plane transport phenomena
show relatively weak change in the pseudogap state, com-
pared with the other properties. The Hall coefficient has
rather remarkable response to the pseudogap than the
resistivity. This difference has been explained by con-
sidering the SPMT term. Thus, the characteristic re-
sponses to the pseudogap phenomena are systematically
explained by our scenario.
We have shown the results including the vertex cor-
rection arising from the SC fluctuations in §5. First, the
lowest order term (SCMT term) with respect to both
1/τ(k) and the T-matrix has been estimated. The SCMT
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term reduces the resistivity and enhances the Hall coef-
ficient. However, since the vertex correction also include
the d-wave form factor, the correction at the Cold spot
is small while it is large at the Hot spot. Therefore, the
effects of the SCMT term are weak compared with the
SPMT term, and the behaviors of the transport coeffi-
cients are not significantly affected.
In addition to the lowest order calculation, we have es-
timated the AL term. Our results show that the effect of
the AL term appears only in the narrow region near the
critical point. Therefore, this term is negligible in the
wide temperature region in the pseudogap state. This is
simply because the parameter 1/τ(k) is sufficiently small
at the Cold spot and therefore the normal part contri-
bution σn is large. This is a characteristic result of the
d-wave strong coupling superconductivity. In the weak
coupling theory of the SC fluctuations, the AL term or
MT term is usually considered as the origin of the in-
creasing conductivity. However, the relative importance
of the AL term is much reduced in the d-wave strong
coupling superconductors, and the effects through the
single particle and/or the magnetic properties become
important. Therefore, the downward deviation of the
resistivity is not attributed to the AL term, but to the
feedback effect or the unrelated effect.
To summarize, the transport phenomena in the pseu-
dogap state have been investigated on the basis of the mi-
croscopic calculation starting from the Hubbard model.
The consistent understanding with the experimental re-
sults has been obtained. Although there are still some
issues to improve the approximation, for example, the
calculation beyond the FLEX approximation, the essence
of the electric transport in the pseudogap state has been
explained in this paper. It gives a strong evidence for the
superconducting fluctuations as the origin of the pseu-
dogap that the microscopic calculation gives a natural
explanation of the transport phenomena which have es-
sentially different characters from the other properties.
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